Abstract. For a commutative ring R and an injective cogenerator E in the category of R-modules, we characterize von Neumann regular rings and semisimple artinian rings in terms of the properties of dual modules with respect to E.
Introduction
Throughout this paper, R is a commutative ring with identity and all modules are unital. We use ModR to denote the category of R-modules and unless stated otherwise E to denote a certain injective cogenerator in ModR. Such an R-module E is called in [9] faithfully injective.
Let M ∈ModR. We call in [7] Hom R (M, E) the dual module of M with respect to E, and denote it by M e . We use σ M : M → M ee to denote the canonical evaluation homomorphism which is defined as σ M (x)(f ) = f (x) for any x ∈ M and f ∈ M e . It follows from [2, Proposition 20.14] that σ e M is an epimorphism, where σ e M =Hom R (σ M , E). Notice that E is a cogenerator in ModR, so, by [2, Proposition 18 .14], σ M is an embedding.
We characterize in [7] and [8] several classes of rings, such as coherent rings, noetherian rings, artinian rings, quasi-Frobenius rings and IF rings, by using the flatness, injectivity, FP-injectivity and projectivity of duals with respect to E.
As the classes of rings having homological dimensions zero, both von Neumann regular rings and semisimple artinian rings are very important classes of rings in ring theory, which are characterized respectively as follows (see [10] and [4] ). (1) R is a semisimple artinian ring.
In this paper we characterize von Neumann regular rings and semisimple artinian rings by using the quasi-injectivity and quasi-projectivity of duals with respect to E, respectively. We show that R is a von Neumann regular ring (resp. a semisimple artinian ring) if and only if the dual of each module in ModR is quasi-injective (resp. quasi-projective). As corollaries, we have that R is a von Neumann regular ring if and only if each pure-injective R-module is injective if and only if each pure-injective R-module is quasi-injective if and only if each pure-injective R-module is (quasi-)flat; and R is a semisimple artinian ring if and only if each pure-injective R-module is projective if and only if each pure-injective R-module is quasi-projective. These results generalize the classical ones mentioned above. Proof. The argument in proving (2) ⇒ (1) of [7, Lemma 1] remains valid in our assumption, we omit it.
Main results
Recall that an R-module X is called quasi-injective if the induced homomorphism Hom R (X, X) [1] ). We now characterize von Neumann regular rings by using the (quasi-)injectivity of duals with respect to E as follows.
Theorem 3. The following statements are equivalent.
(1) R is a von Neumann regular ring.
Proof. The implications that (1) ⇒ (2), (3) ⇒ (4) ⇒ (6) and (3) ⇒ (5) ⇒ (6) are trivial. From Lemma 1 we get the equivalence between (2) and (5). So it suffices to prove (6) ⇒ (1).
Assume that the condition (6) is satisfied. We claim that any Rmodule is flat. Otherwise, if there is a non-flat R-module M , then there is a monomorphism f : Put N = B ⊕ M e and let g be the composition: 
Remark. A flat R-module is clearly quasi-flat. However, the converse doesn't hold in general. For example, let Z be integers and Q its quotient field. Then E = Q/Z is an injective cogenerator in ModZ. Put Z = Z/(0 : Z Z 2 ). It is clear thatZ = Z/(2) ∼ = Z 2 , so Z 2 is a projective (and hence a flat)Z-module. Because 0 : Z Z 2 = 0 : Z Z e 2 , both Z 2 and Z e 2 areZ-modules. Now let 0 → M → Z e 2 be an exact sequence in ModZ. Then it is also an exact sequence in ModZ and we get an exact Recall that an R-module Q is called pure-injective if for any pure exact sequence 0 → A → B → C → 0 in ModR the induced sequence 0 → Hom R (C, Q) → Hom R (B, Q) → Hom R (A, Q) → 0 is exact (see [11] ). It is trivial that an injective R-module is pure-injective. But the converse doesn't hold in general. From Corollary 8 below, which says that each pure-injective R-module is injective if and only if R is a von Neumann regular ring, we may give a counter-example easily.
From now on, E always denotes a certain injective cogenerator in ModR.
Lemma 7. M e is pure-injective for each M ∈ModR.
Proof. Let M be in ModR and 0 → A → B → C → 0 a pure exact sequence in ModR. Then we have that 0 Proof. The implications that (1) ⇒ (2) ⇒ (3), (4) ⇒ (5) and (6) ⇒ (7) are trivial.
(3) ⇒ (1) Let M be in ModR. Then M e is pure-injective by Lemma 7, and by (3) it is quasi-flat. From Theorems 6 and 3 we know that R is a von Neumann regular ring. Similarly, we get (5) ⇒ (1) and (7) ⇒ (1).
(1) ⇒ (4) Let M be a pure-injective R-module. By (1) and Theorem 3, M e is flat. Then, by Lemma 1, M ee is injective. Notice that σ M is a pure monomorphism (see the proof of Theorem 3) and M is pure-injective, so σ M splits and M is isomorphic to a direct summand of M ee . It turns out that M is injective.
(1) ⇒ (6) It follows from Theorem A and Lemma 1.
Recall that an R-module X is called quasi-projective if the induced homomorphism Hom R (X, X) [1] ). We now characterize semisimple artinian rings by using the (quasi-)projectivity of duals with respect to E as follows, where E is a certain injective cogenerator in ModR. Assume that (5) holds. Let N be an injective R-module. Since σ N is an embedding, N is isomorphic to a direct summand of N ee . By (5) , N ee is quasi-projective. So N is also quasi-projective by [1, Proposition 2.2] and hence R is a quasi-Frobenius ring by Lemma 11.
Let M be a finitely generated R-module. Then M is finitely presented for R which is a quasi-Frobenius ring (and it is certainly noetherian). Proof. The implications that (1) ⇒ (2) ⇒ (3) and (4) ⇒ (5) are trivial, and both (2) ⇒ (4) and (3) ⇒ (5) follow from Lemma 7. Assume that (5) holds. Let N be in ModR. Then N e is pure-injective by Lemma 7 and so N ee is quasi-projective by (5) . It follows from Theorem 9 that R is a semisimple artinian ring. This shows (5) ⇒ (1).
For any M in ModR, Hom Z (M, Q/Z) is denoted by M + (which is called the character module of M ). By [11, Chapter I, Proposition 9.3], we have that R + is an injective cogenerator in ModR. On the other hand, from [10, Theorem 2.11] it follows easily that Hom R (M, R + ) ∼ = M + for any M in ModR. Consequently, the results obtained above remains true when the notation of ( ) e is replaced by that of ( ) + .
